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CONNECTIONS BETWEEN REPRESENTATION-FINITE AND KO¨THE
RINGS
ZIBA FAZELPOUR AND ALIREZA NASR-ISFAHANI
Abstract. A ring R is called left k-cyclic if every left R-module is a direct sum of
indecomposable modules which are homomorphic image of RR
k. In this paper, we give
a characterization of left k-cyclic rings. As a consequence, we give a characterization
of left Ko¨the rings, which is a generalization of Ko¨the-Cohen-Kaplansky theorem. We
also characterize rings which are Morita equivalent to a basic left k-cyclic ring. As a
corollary, we show that R is Morita equivalent to a basic left Ko¨the ring if and only if R
is an artinian left multiplicity-free top ring.
1. Introduction
Let R be an associative ring with unit. R is called left pure semisimple if every left R-
module is a direct sum of finitely generated left R-modules. R is said to be representation-
finite if it is left artinian and has only finitely many non-isomorphic finitely generated
indecomposable left R-modules. According to Auslander [2], Ringel and Tachikawa [19]
and Fuller and Reiten [10], a ring R is representation-finite if and only if it is left and right
pure semisimple. The pure semisimplicity conjecture, which says that left pure semisimple
rings are representation-finite, is still open.
Recall that every finitely generated (abelian group) Z-module is a direct sum of cyclic
modules. Ko¨the proved that artinian principal ideal rings have this property [15]. A ring
R is called left (resp., right) Ko¨the if every left (resp., right) R-module is a direct sum
of cyclic modules. Ko¨the also posed the problem, known as Ko¨the’s problem, to classify
the left (resp., right) Ko¨the rings. The Ko¨the’s problem is still open. Nakayama gave
an example of a right Ko¨the ring R which is not a principal right ideal ring [17, page
289]. Later, Cohen and Kaplansky proved that if a commutative ring R is Ko¨the, then
R is an artinian principal ideal ring [5]. In 1961, Kawada completely solved the Ko¨the
problem for the basic finite dimensional K-algebras [12, 13, 14] (see also [18]). Kawada’s
papers contain a set of 19 conditions which characterize Kawada algebras, as well as, the
list of all possible finitely generated indecomposable modules. Ringel showed that any
finite dimensional K-algebra of finite representation type is Morita equivalent to a Ko¨the
algebra. By using the multiplicity-free of top and soc of finitely generated indecomposable
modules, he also gave a characterization of Kawada algebras [18]. Behboodi et al. proved
that if R is a left Ko¨the ring in which all idempotents are central, then R is an artinian
principal right ideal ring [3]. Recently Ghorbani et al. gave a characterization of pure
semisimple rings via ρ-dimension [11]. They proved that for a ring R and an epic class
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ρ of indecomposable R-modules, R is left and right pure semisimple if and only if every
(left) right module is a direct sum of modules of ρ-dimension at most n for some n, if and
only if, Matn(R) is a left Ko¨the ring for some positive integer n. In this paper, we will
continue the study of left Ko¨the rings.
A ring R is called left k-cyclic if every left R-module is a direct sum of indecomposable
k-generated modules. In this paper, we first give a characterization of left k-cyclic rings.
We show that R is a left k-cyclic ring if and only if R is a left artinian ring and for
each finitely generated indecomposable left R-module M , ci(top(M)) ≤ kpR(i) for each
1 ≤ i ≤ m, where {e1, · · · , em} is a basic set of idempotents of R, R ∼=
⊕m
i=1 (Rei)
pR(i)
and ci(top(M)) is the number of composition factors of top(M) which are isomorphic to
the Rei/Jei (see Theorem 3.1). As a corollary, we give a characterization of left Ko¨the
rings (see Corollary 3.2). In fact, this corollary is a generalization of the Ko¨the-Cohen-
Kaplansky theorem and Theorem 3.1 of [3]. We also give a characterization of rings
which are Morita equivalent to a basic left k-cyclic ring. We show that a ring R is Morita
equivalent to a basic left Ko¨the ring if and only if R is an artinian left multiplicity-free top
ring. It is known that any left Ko¨the ring is representation-finite. Finally, we show that
a ring R is representation-finite if and only if there exists a basic ring S and a positive
integer n such that Matn(S) is a left Ko¨the ring and R is Morita equivalent to Matn(S)
if and only if R is a left n-cyclic ring for some positive integer n if and only if Matm(R)
is a left Ko¨the ring for some positive integer m. Our results in this paper generalize and
unify some results of [3], [5], [11], [15] and [18].
The paper is organized as follows. In Section 2, we prove some preliminary results
that will be needed later in the paper. In Section 3, we give a characterization of left
k-cyclic rings and then we show that all known results about the Ko¨the’s problem are
just corollary of this characterization. Finally in Section 4, we characterize the class of
rings which are Morita equivalent to the given left Ko¨the ring.
1.1. Notation. Throughout this paper, all rings have identity elements and all modules
are unital. Let R be a ring. We denote by R-Mod (resp., Mod-R) the category of all
left (resp., right) R-modules and by J the Jacobson radical of R. For a left R-module
M , we denote by soc(M), top(M), rad(M) and ℓ(M) its socle, top, radical and length,
respectively. Let C and D be two categories. We write C ≈ D in case C and D are
equivalent. When two rings R and S are Morita equivalent (i.e., categories R-Mod and
S-Mod are equivalent) we write R ≈ S.
2. Preliminaries
A ring R is called semiperfect if R/J is a semisimple ring and idempotents lift modulo
J . We recall that a set {e1, · · · , em} of idempotents of a semiperfect ring R is called basic
in case they are pairwise orthogonal, Rei ≇ Rej for each i 6= j and for each indecompos-
able projective left R-module P , there exists i such that P ∼= Rei. Clearly, the cardinal
of any two basic sets of idempotents of a semiperfect ring R are equal. An idempotent e
of a semiperfect ring R is called basic idempotent in case e is the sum e = e1 + · · ·+ em of
a basic set {e1, · · · , em} of idempotents of R. A semiperfect ring R is called basic if 1R is
a basic idempotent (see [1]).
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Let {e1, · · · , em} be a basic set of idempotents of a semiperfect ring R, M be a left
R-module of finite length and 1 ≤ i ≤ m, we denote by ci(M), the number of composition
factors of M which are isomorphic to the Rei/Jei. Recall that in [22], ci(top(M)) is
denoted by Gen(M,Rei/Jei).
The following proposition is a generalization of [22, Lemma 1.8].
Proposition 2.1. Let R be a semiperfect ring, M be a finitely generated left R-module
and k ∈ N. Then the following conditions are equivalent.
(1) M is a k-generated left R-module.
(2) ci(top(M)) ≤ kpR(i) for each 1 ≤ i ≤ m, where {e1, · · · , em} is a basic set of
idempotents of R and R ∼=
⊕m
i=1 (Rei)
pR(i).
Proof. Assume that R is a semiperfect ring and M is a finitely generated left R-module.
Then R ∼=
⊕m
i=1 (Rei)
pR(i), where m ∈ N, each pR(i) ∈ N and {e1, · · · , em} is a basic
set of idempotents of R and so by [1, Corollary 15.18, Proposition 27.10], top(M) ∼=
(Re1/Je1)
s1 ⊕ · · · ⊕ (Rem/Jem)
sm . Thus there exists a projective cover ρ : P (M) → M
of M , where P (M) = (Re1)
s1 ⊕ · · · ⊕ (Rem)
sm. Now assume that M is a k-generated left
R-module. Then there exists an epimorphism f : R(k) → M . Therefore there exists a
morphism g : R(k) → P (M) such that ρg = f . Since Ker(ρ) is a superfluous submodule
of P (M), g is an epimorphism and hence P (M) is a direct summand of R(k). It follows
that ci(top(M)) ≤ kpR(i) for each 1 ≤ i ≤ m. Now assume that for each 1 ≤ i ≤ m,
ci(top(M)) ≤ kpR(i). Then si ≤ kpR(i) and so P (M) is a direct summand of R
(k).
Therefore M is a k-generated left R-module. 
One of the considerable properties of Morita theory which we use it in this paper is the
fact that submodule lattices are preserved by equivalences. LetM be a left R-module and
K be a submodule of M . We denote by iK≤M : K →M the inclusion monomorphism.
Lemma 2.2. Let R and S be Morita equivalent rings via an equivalence F : R−Mod →
S−Mod and M be a left R-module. If top(M) is a semisimple left R-module, then
F (top(M)) ∼= top(F (M)) as left S-modules.
Proof. Assume that LM (resp., LF (M)) is the lattice of submodules of M (resp., F (M)).
We define the map ΛM : LM → LF (M) with ΛM(K) = ImF (iK≤M) for each K ∈ LM .
Then by [1, Proposition 21.7], ΛM is a lattice isomorphism. Let top(M) be a semisimple
left R-module. We have an exact sequence
0 −→ rad(M)
irad(M)≤M
−→ M −→ top(M) −→ 0.
Then 0 −→ F (rad(M))
F (irad(M)≤M )
−→ F (M) −→ F (top(M)) −→ 0 is an exact sequence.
Thus F (M)/ΛM(rad(M)) ∼= F (top(M)). Since F (M)/ΛM(rad(M)) is a semisimple left S-
module, rad(F (M)) ⊆ ΛM(rad(M)). On the other hand, by [1, Proposition 21.7] and the
fact that a submodule K ofM is maximal if and only ifM/K is a simple module, we have
ΛM(rad(M)) ⊆ rad(F (M)). Therefore F (top(M)) ∼= top(F (M)) as left S-modules. 
Lemma 2.3. Let R be a semiperfect ring and M be a finite length left R-module. Then
ℓ
(
EndR(Rei)HomR(Rei,M)
)
= ci(M) for each 1 ≤ i ≤ m, where {e1, · · · , em} is a basic set
of idempotents of R.
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Proof. Assume that R is a semiperfect ring. Then R ∼=
⊕m
i=1 (Rei)
pR(i), where m ∈ N,
each pR(i) ∈ N and {e1, · · · , em} is a basic set of idempotents of R. Let 1 ≤ i ≤ m.
We show that HomR(Rei, Rei/Jei) is a simple left EndR(Rei)-module. Let 0 6= α, β ∈
HomR(Rei, Rei/Jei). Then there exists f ∈ EndR(Rei) such that αf = β. Therefore
HomR(Rei, Rei/Jei) is a simple left EndR(Rei)-module. Now we show that for each j 6= i,
HomR(Rei, Rej/Jej) = 0. Let i 6= j and 0 6= γ ∈ HomR(Rei, Rej/Jej). Then γ is an
epimorphism and so Ker(γ) is a maximal submodule of Rei. Therefore by [1, Proposition
27.10], i = j which is a contradiction. LetM be a finite length left R-module. Then by the
above argument and [23, Proposition 32.4], Hom(Rei,M) is a finite length left EndR(Rei)-
module. Now by induction on length of M we show that ℓ
(
EndR(Rei)HomR(Rei,M)
)
=
ci(M) for each 1 ≤ i ≤ m. Assume that M is a simple left R-module. Then by [1, Propo-
sition 27.10], there exists 1 ≤ j ≤ m such that M ∼= Rej/Jej . Thus HomR(Rei,M) ∼=
HomR(Rei, Rej/Jej) and so ℓ
(
EndR(Rei)HomR(Rei,M)
)
= ℓ
(
EndR(Rei)HomR(Rei, Rej/Jej)
)
.
Hence by the above argument, ℓ
(
EndR(Rei)HomR(Rei,M)
)
= ci(M). Now assume that
ℓ(M) = t > 1 and 0 = Mt ⊂ Mt−1 ⊂ · · · ⊂ M1 ⊂ M is a composition series for
M . Then 0 = Mt−1/Mt−1 ⊂ Mt−2/Mt−1 ⊂ · · · ⊂ M1/Mt−1 ⊂ M/Mt−1 is a composi-
tion series for M/Mt−1. Therefore by the induction, ℓ
(
EndR(Rei)HomR(Rei,M/Mt−1)
)
=
ci(M/Mt−1). We consider the exact sequence 0 → Mt−1 → M → M/Mt−1 → 0. Then
0 → HomR(Rei,Mt−1) → HomR(Rei,M) → HomR(Rei,M/Mt−1) → 0 is an exact se-
quence. So
ℓ
(
EndR(Rei)HomR(Rei,M)
)
= ℓ
(
EndR(Rei)HomR(Rei,Mt−1)
)
+ ci(M/Mt−1).
If Mt−1 ≇ Rei/Jei, then ci(M/Mt−1) = ci(M) and HomR(Rei,Mt−1) = 0. It follows that
ℓ
(
EndR(Rei)HomR(Rei,M)
)
= ci(M). Now assume that Mt−1 ∼= Rei/Jei. Then by the
above argument, HomR(Rei,Mt−1) is a simple left EndR(Rei)-module. Consequently,
ℓ
(
EndR(Rei)HomR(Rei,M)
)
= ci(M). 
Let {M1, · · · ,Mt} be the complete set of non-isomorphic finitely generated indecom-
posable left R-modules and {e1, · · · , er} be a basic set of idempotents of R. For each
1 ≤ l ≤ r, put qR(l) = max{cl(top(Mj)) | 1 ≤ j ≤ t}.
Proposition 2.4. Let R be a representation-finite ring which is Morita equivalent to a
ring S. Then r is the cardinal number of the basic set of idempotents of S and qR(l) = qS(l)
for each 1 ≤ l ≤ r, where r is the cardinal number of the basic set of idempotents of R.
Proof. Assume that R is a representation-finite ring. Then there exists a basic set of idem-
potents of R. Let R be Morita equivalent to a ring S via an equivalence F : R−Mod →
S−Mod and {e1, · · · , er} be a basic set of idempotents of R. Then there exists a basic
set of idempotents of S and we show that r is the cardinal number of the basic set of
idempotents of S. It is enough to show that r is the cardinal number of the complete set
of non-isomorphic finitely generated indecomposable projective left S-modules. We know
that {F (Re1), · · · , F (Rer)} is a set of non-isomorphic finitely generated indecomposable
projective left S-modules. Let G : S−Mod → R−Mod be the inverse equivalence of
F and Q be a finitely generated indecomposable projective left S-module. Then G(Q)
is a finitely generated indecomposable projective left R-module and so G(Q) ∼= Rej for
some 1 ≤ j ≤ r. Since F (G(Q)) ∼= Q, Q ∼= F (Rej) for some 1 ≤ j ≤ r. Thus
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{F (Re1), · · · , F (Ret)} is the complete set of non-isomorphic finitely generated indecom-
posable projective left S-modules. Therefore r is the cardinal number of the basic set
of idempotents of S. Now we show that qR(l) = qS(l) for each 1 ≤ l ≤ r. Assume
that {M1, · · · ,Mt} is the complete set of non-isomorphic finitely generated indecompos-
able left R-modules. Then {F (M1), · · · , F (Mt)} is the complete set of non-isomorphic
finitely generated indecomposable left S-modules. Let 1 ≤ l ≤ r and 1 ≤ j ≤ t. Since
HomR(Rel, top(Mj)) ∼= HomS(F (Rel), F (top(Mj))) and EndR(Rel) ∼= EndS(F (Rel)),
ℓ
(
EndR(Rel)HomR(Rel, top(Mj))
)
= ℓ
(
EndS(F (Rel))HomS(F (Rel), F (top(Mj)))
)
. Since by
Lemma 2.2, HomS(F (Rel), F (top(Mj))) ∼= HomS(F (Rel), top(F (Mj))),
ℓ
(
EndR(Rel)HomR(Rel, top(Mj))
)
= ℓ
(
EndS(F (Rel))HomS(F (Rel), top(F (Mj)))
)
. Therefore
by Lemma 2.3, qR(l) = qS(l). 
3. A characterization of left Ko¨the rings
We now give a characterization of left k-cyclic rings.
Theorem 3.1. Let R be a ring and k ∈ N. Then the following conditions are equivalent.
(1) R is a left k-cyclic ring.
(2) R is a left artinian ring and for each finitely generated indecomposable left R-
module M , ci(top(M)) ≤ kpR(i) for each 1 ≤ i ≤ m, where {e1, · · · , em} is a basic
set of idempotents of R and R ∼=
⊕m
i=1 (Rei)
pR(i).
(3) R is a representation-finite ring and qR(i) ≤ kpR(i) for each 1 ≤ i ≤ m, where
{e1, · · · , em} is a basic set of idempotents of R and R ∼=
⊕m
i=1 (Rei)
pR(i).
Proof. (1) ⇒ (2). Assume that R is a left k-cyclic ring. Then by [23, Proposition 53.6],
R is a left artinian ring and so R ∼=
⊕m
i=1 (Rei)
pR(i), where m ∈ N, each pR(i) ∈ N and
{e1, · · · , em} is a basic set of idempotents of R. Let M be a finitely generated indecom-
posable left R-module and 1 ≤ i ≤ m. Then M is k-generated and so by Proposition 2.1,
ci(top(M)) ≤ kpR(i).
(2)⇒ (3). It follows from [23, Proposition 54.3].
(3) ⇒ (1). Assume that R is a representation-finite ring and qR(i) ≤ kpR(i) for each
1 ≤ i ≤ m, where {e1, · · · , em} is a basic set of idempotents of R and R ∼=
⊕m
i=1 (Rei)
pR(i).
Let {N1, · · · , Ns} be the complete set of non-isomorphic finitely generated indecompos-
able left R-modules and 1 ≤ i ≤ m. Then ci(top(Nj)) ≤ kpR(i) for each 1 ≤ j ≤ s and so
by Proposition 2.1, Nj is a k-generated left R-module. Let M be a left R-module. Since
R is representation-finite, by [23, Propositions 53.6 and 54.3],M is a direct sum of finitely
generated indecomposable left R-modules. Thus R is a left k-cyclic ring. 
As immediate consequence of Theorem 3.1, we have the following result.
Corollary 3.2. The following conditions are equivalent for a ring R.
(1) R is a left Ko¨the ring.
(2) R is a left artinian ring and for each finitely generated indecomposable left R-
module M , ci(top(M)) ≤ pR(i) for each 1 ≤ i ≤ m, where {e1, · · · , em} is a basic
set of idempotents of R and R ∼=
⊕m
i=1 (Rei)
pR(i).
(3) R is a representation-finite ring and qR(i) ≤ pR(i) for each 1 ≤ i ≤ m, where
{e1, · · · , em} is a basic set of idempotents of R and R ∼=
⊕m
i=1 (Rei)
pR(i).
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A finitely generated indecomposable left R-module M is called multiplicity-free top if
composition factors of top(M) are pairwise non-isomorphic. Also, a ring R is called left
multiplicity-free top if every finitely generated indecomposable leftR-module is multiplicity-
free top. A ring R is called multiplicity-free top if it is a left and right multiplicity-free
top ring (see [18]).
Corollary 3.3. Let R be a basic ring. Then R is a left Ko¨the ring if and only if R is an
artinian left multiplicity-free top ring.
Proof. It follows from Corollary 3.2 and [23, Proposition 54.3]. 
In the following, we show that Corollary 3.2 is a generalization of the Ko¨the-Cohen-
Kaplansky theorem and Theorem 3.1 of [3]. In fact, all known results related to the
characterization of left Ko¨the rings obtain from Corollary 3.2.
A left R-module M is called local if it has a unique maximal submodule which contains
any proper submodule of M . A ring R is called of left local type if every finitely generated
indecomposable left R-module is local (see [21]). An idempotent e ∈ R is called left (resp.,
right) semicentral if Re = eRe (resp., eR = eRe)(see [4]).
Proposition 3.4. Let R be a semiperfect ring that all primitive idempotents of R are left
semicentral. Then the following conditions are equivalent.
(1) R is a left multiplicity-free top ring.
(2) R is of left local type.
Proof. (1) ⇒ (2). Since R is a semiperfect ring, R =
⊕n
i=1Rei with e1 + · · · + en = 1R,
where e1, · · · , en are orthogonal primitive idempotents of R and each eiRei is a local
ring. Set Ri = eiRei for each 1 ≤ i ≤ n. Since all primitive idempotents of R are
left semicentral, R =
⊕n
i=1Ri is a basic ring. Therefore by [1, Proposition 27.10],
{Re1/Je1, · · · , Ren/Jen} is the complete set of non-isomorphic simple left R-modules.
Let M be a finitely generated indecomposable left R-module. Since R is left multiplicity-
free top, top(M) = S1⊕ · · ·⊕St, where t ≤ n and Sj ∼= Rej/Jej for each j. On the other
hand, since R is a finite direct sum of the rings Ri, there exists 1 ≤ i ≤ n such that M is
a left Ri-module. Let 1 ≤ l ≤ t. Then RjSl = 0 for each j 6= i. It follows that l = i and
so top(M) = Si. Therefore R is of left local type.
(2)⇒ (1) is clear. 
Recall that a left R-module M is called uniserial if its submodules are linearly ordered
by inclusion. Also, a ring R is called left (resp., right) uniserial if it is uniserial as a left
(resp., right) R-module (see [1]).
Theorem 3.5. Let R be a left artinian ring that all primitive idempotents of R are left
semicentral. If R is a left multiplicity-free top ring, then R is an artinian principal right
ideal ring.
Proof. Assume that R is a left multiplicity-free top ring. Then by Proposition 3.4, R
is of left local type. Since R is left artinian, R =
⊕n
i=1Rei with e1 + · · · + en = 1R,
where e1, · · · , en are orthogonal primitive idempotents of R and each eiRei is a local
ring. Set Ri = eiRei for each 1 ≤ i ≤ n. Since all primitive idempotents of R are left
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semicentral, R =
⊕n
i=1Ri, where each Ri is a local ring. It follows that each Ri is of left
local type. Consequently, by [20, Theorem 2.4], each Ri is a right uniserial ring. On the
other hand, since each Ri is a left artinian ring of left local type, there is a finite upper
bound for the lengths of finitely generated indecomposable modules in Ri-Mod. Thus by
[23, Proposition 54.3], each Ri is an artinian ring. Therefore each Ri is an artinian right
uniserial ring. Consequently, by [23, Proposition 56.3], R is an artinian principal right
ideal ring. 
As consequences of Corollary 3.2, Theorem 3.5 and [15], we have the following results.
Corollary 3.6. Let R be a left artinian ring that all primitive idempotents of R are left
semicentral. Then R is a multiplicity-free top ring if and only if R is an artinian principal
ideal ring.
Corollary 3.7. ([15, 5, Ko¨the-Cohen-Kaplansky Theorem]) A commutative ring R is a
Ko¨the ring if and only if R is an artinian principal ideal ring.
Corollary 3.8. ([3, Theorem 3.1]) Let R be a ring in which all idempotents are central.
If R is a left Ko¨the ring, then R is an artinian principal right ideal ring.
The following example shows that there exists an artinian left multiplicity-free top local
ring R which is not principal left ideal ring.
Example 3.9. Let F be a field which is isomorphic to the its proper subfield F such that
dim(FF ) = 2 (for example let F = Z2(y), where Z2(y) is the quotient field of polynomial
ring Z2[y] and let F = Z2(y
2)). Let α be the isomorphism from F to F and F [x;α]
be a skew polynomial ring with a usual polynomial addition and multiplication given by
λx = xα(λ) for each λ ∈ F . Set R := F [x;α]/< x2 >. Then R is a local ring. Let M
be the maximal ideal of R and {1, a} be a basis for the vector space F over F . Therefore
M = xR = Rx ⊕ Rxa and M2 = 0. Set Q = R/M. Consequently, dim(QM) = 2 and
dim(MQ) = 1. Hence by [6, Proposition 3], R is an artinian left multiplicity-free top ring
but it is not principal left ideal ring.
The following example shows that the converse of Theorem 3.5 and Corollary 3.8 are
not true in general.
Example 3.10. Let H be a division ring which is isomorphic to the its proper subdivision
ring H such that dim(HH) = 3 (see [24, Theorem]). Let α be the isomorphism from H
to H and H [x;α] be a skew polynomial ring. Set R := H [x;α]/< x2 >. Then R is a
local ring. Let M be the maximal ideal of R and {1, a, b} be a basis for the vector space
H over H . Then M = xR = Rx ⊕ Rxa ⊕ Rxb and M2 = 0. Thus by [9, Theorem 9],
R is a right uniserial ring and dim(QM) = 3 and dim(MQ) = 1, where Q = R/M. It
follows that ℓ(RR) = 2. Let u, v, w be the linearly independent elements of QM. The
similar argument as in the proof of [7, Lemma 3.1] shows that T = (R⊕R⊕R)/D, where
D = {(uλ, vλ, wλ) | λ ∈ R} is an indecomposable right R-module with ℓ(soc(TR)) = 2.
Therefore by [21, Theorem B], R is not of left local type. Hence by Proposition 3.4, R is
not a left multiplicity-free top ring but R is an artinian principal right ideal ring.
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4. A characterization of representation-finite rings
Let U be a class of left R-modules and M be a left R-module. Then Tr(U ,M) =∑
{Im(h) | h ∈ HomR(U,M), U ∈ U} is called trace of U in M . An idempotent e of
R is called full idempotent if ReR = R. We recall that for a full idempotent e ∈ R,
Tr(Re,R) = ReR = R and so Re is a generator in R−Mod (see [23, Exercise 13.10(1)]).
Theorem 4.1. Let S be a basic ring and k ∈ N. Then the following conditions are
equivalent.
(1) S is a left k-cyclic ring.
(2) Any ring Morita equivalent to S is left k-cyclic.
(3) Any ring R which is Morita equivalent to S is artinian and for each indecomposable
left R-module M , ci(top(M)) ≤ k for each 1 ≤ i ≤ m, where {e1, · · · , em} is a
basic set of idempotents of R.
(4) For each full idempotent e ∈ S, eSe is a left k-cyclic ring.
(5) There exists a full idempotent e ∈ S such that eSe is a left k-cyclic ring.
Proof. Let S be a basic ring. Then S =
⊕t
j=1 Sfj, where t ∈ N and {f1, · · · , ft} is a basic
set of idempotents of S.
(1) ⇒ (2). Assume that S is a left k-cyclic ring. Then by [23, Proposition 53.6], S is
left artinian and so there is a finite upper bound for the lengths of finitely generated
indecomposable modules in S-Mod. Thus by [23, Proposition 54.3], S is a representation-
finite ring. Let R be Morita equivalent to S. Then R is a representation-finite ring and
so R ∼=
⊕s
i=1 (Rei)
pR(i), where s ∈ N, each pR(i) ∈ N and {e1, · · · , es} is a basic set
of idempotents of R. Therefore by Proposition 2.4, t = s and qR(j) = qS(j) for each
1 ≤ j ≤ s. Since S is a basic left k-cyclic ring, by Theorem 3.1, qS(j) ≤ k for each
1 ≤ j ≤ s. Hence by Theorem 3.1, R is a left k-cyclic ring.
(2)⇒ (3). Assume that any ring Morita equivalent to S is left k-cyclic. Let R be Morita
equivalent to S. Then R is left k-cyclic. By [23, Proposition 53.6], R is left artinian and so
there is a finite upper bound for the lengths of finitely generated indecomposable modules
in R-Mod. Thus by [23, Proposition 54.3], R is a representation-finite ring. Consequently,
by [23, Proposition 54.3], R is an artinian ring. It follows that R ∼=
⊕m
i=1 (Rei)
pR(i), where
m ∈ N, each pR(i) ∈ N and {e1, · · · , em} is a basic set of idempotents of R. So by Theorem
2.4, t = m and qR(i) = qS(i) for each 1 ≤ i ≤ t. Hence by Theorem 3.1, qR(i) ≤ k for
each 1 ≤ i ≤ t. Let M be an indecomposable left R-module. Then M is a k-generated
module. Therefore ci(top(M)) ≤ k for each 1 ≤ i ≤ t.
(3)⇒ (2). It follows from Theorem 3.1.
(2)⇒ (1) is clear.
(1) ⇒ (4). Assume that S is a left k-cyclic ring and e is a full idempotent of S. Then
Se is a generator. Hence by [1, Corollary 22.4], S ≈ eSe. Therefore by (2), eSe is a left
k-cyclic ring.
(4)⇒ (5) is clear.
(5)⇒ (1). Assume that there exists a full idempotent 1S 6= e ∈ S such that eSe is a left
k-cyclic ring. Then Se is a progenerator and by [23, Propositions 53.6 and 54.3], eSe is a
representation-finite ring. Hence by [1, Corollary 22.4], eSe is Morita equivalent to S via
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an equivalence Se ⊗eSe − : eSe−Mod → S−Mod. It follows that S is a representation-
finite ring. It is sufficient to show that every finitely generated indecomposable left S-
module is k-generated. Let Y be a finitely generated indecomposable left S-module.
Then there exists a finitely generated indecomposable left eSe-module X such that Y ∼=
Se ⊗eSe X . Since eSe is left k-cyclic, there exists an epimorphism (eSe)
k → X . Thus
there exists an epimorphism Se⊗eSe (eSe)
k → Se⊗eSeX . Since Se⊗eSe eSe ∼= Se as left
S-module and e is idempotent, there exists an epimorphism Sk → Se⊗eSe X . Therefore
Y is a k-generated left S-module. 
Corollary 4.2. The following conditions are equivalent for a basic ring S.
(1) S is a left Ko¨the ring.
(2) Any ring Morita equivalent to S is left Ko¨the.
(3) Any ring Morita equivalent to S is an artinian left multiplicity-free top.
(4) For each full idempotent e ∈ S, eSe is a left Ko¨the ring.
(5) There exists a full idempotent e ∈ S such that eSe is a left Ko¨the ring.
The following example shows that there exists a basic ring S and an idempotent e of
S such that eSe is left Ko¨the but S is not a left Ko¨the ring.
Example 4.3. Let R be a simple artinian ring and A be a basic finite dimensional
algebra which is not left Ko¨the and R is not isomorphic to each direct summand of A.
Then S = A ⊕ R is a basic ring which is not left Ko¨the but (0, 1)S(0, 1) is a left Ko¨the
ring.
Corollary 4.4. Let R be a left Ko¨the ring. Then there exists a positive integer k such
that every ring Morita equivalent to R is left k-cyclic.
Proof. Assume that R is a left Ko¨the ring. Then R is left artinian and so
R ∼=
⊕m
i=1 (Rei)
pR(i), where m ∈ N, each pR(i) ∈ N and {e1, · · · , em} is a basic set of
idempotents of R. Set e = e1 + · · · + em, S = eRe and k = max{pR(i) | 1 ≤ i ≤ m}.
Thus S is a basic ring and by [1, Proposition 27.10], P = eR generate all simple right
R-modules. So by [1, Proposition 17.9], P is a generator in Mod-R. It follows that there
is a right R-module R′ such that P (k) ∼= R⊕R′ and also by [1, Corollaries 22.4 and 22.5],
R ≈ S via an equivalence P ⊗R − : R−Mod → S−Mod. Let Y be a finitely generated
indecomposable left S-module. Then there exists a finitely generated indecomposable left
R-module X such that Y ∼= P ⊗R X . Since R is left Ko¨the, there exists an epimorphism
R → X and so there exists an epimorphism P ⊗R R → Y . On the other hand, by [23,
Proposition 11.10] and [1, Proposition 4.5], we have S-isomorphisms
SS
(k) ∼= HomR(P, P )
(k) ∼= HomR(P
(k), P ) ∼= HomR(R⊕ R
′, P ) ∼=
HomR(R,P )⊕ HomR(R
′, P ) ∼= P ⊕ HomR(R
′, P ).
Consequently, there exists an epimorphism S(k) → Y . Therefore by [23, Propositions 53.6
and 54.3], S is a left k-cyclic ring. Thus by Theorem 4.1, every ring Morita equivalent to
R is left k-cyclic. 
Remark 4.5. Let R ∼=
⊕m
i=1 (Rei)
pR(i), where m ∈ N, each pR(i) ∈ N and {e1, · · · , em}
is a basic set of idempotents of R. Let k be a positive integer such that k ≤ pR(i) for each
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1 ≤ i ≤ m. Assume that any ring which is Morita equivalent to R is left k-cyclic. Then by
Theorem 4.1, R is artinian and for each indecomposable left R-moduleM , ci(top(M)) ≤ k
for each 1 ≤ i ≤ m. Therefore by Corollary 3.2, R is a left Ko¨the ring. In fact, if k ≤ pR(i)
for each 1 ≤ i ≤ m, then the converse of Corollary 4.4 is true.
The following example shows that the converse of Corollary 4.4 is not true in general.
Example 4.6. Let Q be the quiver
2
• \\
✾✾
✾✾
✾✾
✾✾
3
• oo
1
•
4
•

✆✆✆✆✆✆✆✆
and A = KQ be the path algebra of Q over an algebraically closed field K. We identify
A−mod ≈ repK(Q). Clearly A is a basic representation-finite K-algebra. Let M be the
representation
K aa
[1 0]
❇❇
❇❇
❇❇
❇
K oo
[0 1]
K
2
K
}} [1 1]
⑤⑤⑤⑤⑤⑤⑤⑤
Then M is a finitely generated indecomposable left A-module and it is easy to see that
c1(top(M)) = 2. Thus by Corollary 3.2, A is not left Ko¨the. By using Theorem 3.1, it
is easy to see that A is a left 2-cyclic ring. Therefore by Theorem 4.1, every ring Morita
equivalent to A is left 2-cyclic.
It is known that the class of left Ko¨the rings is a proper subclass of the class of
representation-finite rings. In the following, we show that the class of representation-
finite rings and the class of rings which are Morita equivalent to the left Ko¨the rings are
coincide.
Proposition 4.7. The following conditions are equivalent for a ring R.
(1) R is a representation-finite ring.
(2) There exists a basic ring S and a positive integer n such that Matn(S) is a left
Ko¨the ring and R ≈ Matn(S).
Proof. (1)⇒ (2). Assume that R is a representation-finite ring. Then there exists a basic
ring S such that R ≈ S. Let S =
⊕r
j=1 Sfj , where r ∈ N and {f1, · · · , fr} is a basic set
of idempotents of S. Set d = qS(1)+ · · ·+ qS(r) and T = Matd(S). Then by [1, Corollary
22.6], R ≈ T and so T is a representation-finite ring. It follows that T ∼=
⊕s
k=1 (Thk)
pT (k),
where s ∈ N, each pT (k) ∈ N and {h1, · · · , hs} is a basic set of idempotents of T . Since
S is basic, pT (j) = d for each 1 ≤ j ≤ s. On the other hand, by Proposition 2.4, r = s
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and qS(j) = qT (j) for each 1 ≤ j ≤ r. Consequently, qT (j) = qS(j) ≤ d = pT (j) for each
1 ≤ j ≤ r. Therefore by Corollary 3.2, T is a left Ko¨the ring.
(2)⇒ (1). It follows from [23, Propositions 53.6 and 54.3]. 
Remark 4.8. Let R be a representation-finite ring which is not left Ko¨the. Then there
exists a basic ring S and n ∈ N such that Matn(S) is a left Ko¨the ring and R ≈ Matn(S).
In fact left Ko¨the property is not a Morita invariant property.
Proposition 4.9. Let R be a ring and n ∈ N. Then the following conditions are equiva-
lent.
(1) Matn(R) is a left k-cyclic ring.
(2) R is a left kn-cyclic ring.
(3) For each m ≥ n, Matm(R) is a left k-cyclic ring.
Proof. (1) ⇒ (2). Assume that Matn(R) is a left k-cyclic ring. Then by [23, Proposi-
tions 53.6 and 54.3], Matn(R) is a representation-finite ring. Since R ≈ Matn(R), R
is a representation-finite ring. By [23, Proposition 54.3], it is sufficient to show that
every non-cyclic finitely generated indecomposable left R-module is kn-generated. Let
M be a non-cyclic finitely generated indecomposable left R-module and F : R−Mod →
Matn(R)−Mod be an equivalence. Then F (M) is a finitely generated indecomposable
left S-module. Consequently, F (M) is a k-generated left S-module. Therefore by [16,
Example 17.23], M is a kn-generated left R-module.
(2) ⇒ (3). Assume that R is a left kn-cyclic ring. Then by [23, Propositions 53.6 and
54.3], R is a representation-finite ring. Let m be a positive integer such that m ≥ n.
Set T = Matm(R). Since R ≈ T , T is a representation-finite ring. By [23, Theo-
rem 54.3], it is sufficient to show that every finitely generated indecomposable left T -
module is k-generated. Let X be a finitely generated indecomposable left T -module and
G : T−Mod → R−Mod be an equivalence. Then G(X) is a finitely generated indecom-
posable left R-module. It follows that G(X) is a kn-generated module. Thus there exists
an epimorphism α : Rkn → G(X). Consequently, by [16, Example 17.23], there exists an
epimorphism Sk → X . Therefore X is a k-generated left S-module.
(3)⇒ (1) is clear. 
Now we are in a position to give a characterization of representation-finite rings.
Corollary 4.10. The following conditions are equivalent for a ring R.
(1) R is a representation-finite ring.
(2) There exists a basic ring S and a positive integer n such that Matn(S) is a left
Ko¨the ring and R ≈ Matn(S).
(3) There exists a positive integer n such that R is a left n-cyclic ring.
(4) There exists a positive integer n such that Matn(R) is a left Ko¨the ring.
(5) There exists a positive integer n such that for each m ≥ n, Matm(R) is a left
Ko¨the ring.
Proof. (1)⇔ (2). It follows from Proposition 4.7.
(2)⇒ (3). It follows from Corollary 4.4.
(3)⇔ (4)⇔ (5). It follows from Proposition 4.9.
(4)⇒ (1) is clear. 
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